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Abstract 
To obtain the behaviour of dual-phase microstructures, a three-dimensional (3D) strain gradient finite 
element model has been developed. The effect of grain size on flow stress has been investigated in 
polycristalline dual-phase steels. A strong size-dependence of plastic deformation in the micron range 
is observed. To describe the work hardening process in polycrystalline materials, two models, a 
gradient-one-internal-variable model and a gradient-total dislocation density evolution model, 
constructed in the basis of the Kocks-Mecking model are proposed. Results demonstrate that more 
dislocations are stored in specimens with finer grains and that the total dislocation density is not a 
single function of strain. Ferrite and martensite individual mechanical behaviour calculated into the 
dual-phase composite structure are presented. The effect of plastic deformation gradients imposed by 
the microstructure is clearly observed. An attempt is made to determine the mathematical expressions 
which best describe the strain hardening behaviour of crystalline materials in uniaxial deformation. 
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1. Introduction 
 
As a point of departure, we will discuss the specific relation between flow stress and dislocation 
density that is in common usage. According to the experimental observations carried out by Narutani 
and Takamura [1] and other investigators [2-4], the flow stress is proportional to the square root of 
dislocation density ρ irrespective of the grain size, amount of strain and test temperature. For a 
coarse-grained single-phase material, which can be regarded as “structureless”, the flow stress at zero 
temperature is set equal to 

ρασ GbM=                                                             (1) 

ρασ Gbˆ=  
 

Here M is the average Taylor factor, which evolves in the process of straining (in what follows, M 
will be considered constant for simplicity), b is the magnitude of the Burgers vector, G an appropriate 
shear modulus and α̂  a constant of order unity which depends, in part, on the strength of the 
dislocation/dislocation interaction [5]. Thermal activation may lower this effective obstacle strength 
so that the flow stress at a finite temperature and strain rate becomes 
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Where ),( Ts ε& is a function that goes to 1 as T→ 0.  From eq (2) it is apparent that the flow stress is a 
product of a rate sensitivity term and a structure sensitive term. The flow stress as given by eq. (1) and 
(2) relates only to the impediment to dislocation motion that is provided by other dislocations. In most 
materials, there are other contributions to the plastic resistance. In some cases (e.g., lattice resistance, 
solution hardening, some grain size effects), these are additive to the contributions discussed above 
[5] 
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Here, the rate dependence of σo may be more important than that of α̂  (or s), or it may be 
negligible; the less rate sensitive term (contained into the σo term) is often called an “internal stress” 
(Pierls or friction stress). The total dislocation density ρT is defined by Ashby [4] as the sum of 
geometrically necessary dislocations ρG and statistically stored dislocations ρS.  The statistically 
stored dislocations are accumulated in pure crystals during straining and are responsible for the 
normal 3-stage [4]. On the other hand, the difference in crystallographic orientation between 
neighbouring grains can be corrected by introducing geometrically necessary dislocations, which are 
introduced to accommodate the incompatibility of deformation between grains.  
 
To illustrate the above definition, consider the tensile deformation of a polycristal or of a two-phase 
alloy in which both phases are able to deform. If each grain deforms in a uniform manner, overlap and 
voids appear, because the two phases (or neighbouring grains) are not equally easy to deform. One 
component deforms less than the other, or not at all, so that gradients of deformation form with a 
wavelength equal to the spacing between the phases or particles [4]. Such alloys are plastically non-
homogeneous, because gradients of plastic deformation are imposed by the microstructure. The 
geometrically necessary dislocations are stored in them to accommodate the deformation gradients, 
and so allow compatible deformation of the two phases. Note that, since each grain was deformed 
uniformly, the statistically dislocation density ρS and the state of work hardening within it must be the 
same as that of an “equivalent single crystal”, i.e. a single crystal so oriented that it deforms on the 
same slip system or systems as the grain under consideration [4]. Ashby`s total dislocation density ρT 
definition assume that the geometrically necessary dislocations, ρG, have no direct influence on the 
accumulation of the statistically stored dislocations ρS. 

 
1.1 Nature of statistically stored dislocations 

 
As mentioned above, the statistically stored dislocations are related with strain hardening process. 
Strain hardening (or work hardening) is caused by dislocation interacting with each other and with 
barriers that impede their motion through the crystal lattice (mutual trapping during the deformation 
of the matrix). It is believed to occur when dislocations moving in the slip plane cut through other 
dislocations intersecting the active slip plane. The dislocations threading through the active slip plane 
are often called a dislocation forest. It is known that the number of dislocations in a crystal increases 
with strain over the number present in the annealed crystal [6]. Dislocation multiplication can arise 
from condensation of vacancies, by regeneration under applied stress from existing dislocations by 
either the Frank-Read mechanism or a multiple cross-slip mechanism or by emission of dislocations 
from a high-angle grain boundary [6].  

 
 

2. Dislocation density-related constitutive modeling 
 
The step of translating from the simple dislocation equations to a continuum formulation is not 
obvious. The statistically stored dislocations ρS are assumed to be dependent on the plastic strain εp, 
while the geometrically necessary dislocations ρG are assumed to be dependent on strain gradient ∂εp / 
∂x [7] or in a linear manner with the reciprocal of the grain size [1, 4]. The effect of grain size on flow 
stress has been investigated by Narutani and Takamura [1]. In their nickel dislocation density 
measured by resistivity studies, it was found that the dislocation density ρG for a given strain in 



specimens deformed in tension at 77 and 295 K increases in a linear manner with the reciprocal of 
grain size, and that the statistically stored dislocations ρS are function of the equivalent strain εeq.  

 
In its present state, dislocation density-related constitutive modeling it is considered mature enough to 
be broadly used in finite element codes including viscoplasticity [8]. In order to formulate the grain-
size dependence of the total dislocation density, it is necessary to derive an equation to describe the 
accumulation of dislocations during deformation, but the constitutive equation to describe the work 
hardening process in polycrystalline materials has not been well established. The flow stress 
dependence on a rate sensitivity term and on a structure sensitive term (include lattice resistance and 
solution hardening) is accounted in equation (3). For the purpose of this paper, we assume that σ 
identifies only the dislocation/dislocation interaction component of the flow stress through the 
evolution of the ρ term. Lattice resistance and solution hardening are accounted in the σ0 term. 

 
TGbM ρασσ += 0                                                       (4) 

 
To describe the work-hardening process in polycristalline materials, two models constructed in the 
basis of Kocks-Mecking model are presented. Here, we only examine the results obtained using the 
gradient total dislocation density evolution model (GM2) explained in section 2.2. 
 
2.1 The gradient-one-internal-variable model  (GM1) 
 
This model is constructed on the basis of the following equations: 
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b
C eqG χ

ρ =                                                              (7) 

 
Here, M , ρG , ρS , and others were defined in the preceding, C is a constant ranging from 1 to 2, χeq 
represents the magnitude of the curvature tensor χ used as the scalar measure of the density of 
geometrically necessary dislocations ρG [9]  
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3
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χni= enkjεij,k  

enkj = the alternating tensor 
εij,k = the strain gradient tensor  

ρo =  the initial dislocation density1 (the number present in the undeformed crystal). 
 
K1 and K2 characterise the processes of dislocation storage and concurrent dislocation annihilation by 
dynamic recovery, respectively [10]. The process of dislocation storage is athermal, so that K1 is a 
constant. By contrast, the coefficient K2 represents a thermally activated process of dynamic recovery 
                                                            
1 At the last stage of processing  dual phase material is intercritically annealed and afterwards cooled down very 
rapidly. During cooling the austenite transforms into martensite. The volume of the phase increase causing 
residual stress around the martensitic phase. As a consequence of this, distortion of the crystal is produced (in 
this work, distortion does not refer to the deformed crystal condition). In dual phase steels modeling, the ρo term 
can be used to represent the initial dislocation density that is present in each phase before straining. 
 



by dislocation cross-slip (low temperature case) or dislocation climb (high temperature case). The 
boundary between the two temperature regimes lies at approximately two thirds of the melting 
temperature. In both cases, the strain rate and temperature dependence of K2 can be expressed as 
follows [10]: 
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where K20 is a constant. The temperature dependence is contained either in n (in the low-temperature 
case when n is inversely proportional to temperature T, while *

0ε& can be considered constant) or in 
*

0ε& (in the high-temperature case when it is given by an Arrhenius-type equations, n being a constant 
ranging from 3 to 5). 
 
In the present work we do not consider the temperature and strain rate dependence in K2, so, the term 
associated with the dynamic recovery is assumed to be a constant. The identification of constants K1 
and K2 are explained in section 3. 
 
2.2 The gradient total dislocation density evolution model (GM2) 
 
The variation of ρ T in the process of plastic deformation can be described by an evolution total 
dislocation density model, and its respective constitutive equation:  
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For a polycristal the orientation factor iM varies from grain to grain and it is also necessary to 
determine some average orientation factor M. Here, the subscript i  refers to some specific grain. 
Details about the iM  term can be found in reference [11]. 

 
 

3. Parameter Identification 
 
For a coarse-grained (or monocrystalline) single-phase material which can be regarded as 
“structureless”, the evolution equation in the form of Eq. (11) describes materials where dislocation 
storage is controlled by the total dislocation density.  
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Differentiation of Eq. (1) gives 
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Combining Eqs. (1), (11) and (12), the following equation can be derived. 
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where,  

1
2

2
1 GbKMII αθ =  is the stage II hardening rate = the slope of the stress-strain curve in stage II. 

 
It is recognized that θII is the limit value of the strain-hardening rate for σ → 0. On the other hand, 
when σ approaches its saturation value σs, the strain hardening coefficient εεσθ &)/( dd=  → 0. So, 
from Eq. (13) 
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and Eq. (14) can also be expresed in the form 
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The constants K1 and K2 for a polycristalline material can be calculated if the value of the stage II 
hardening rate θII  and the value of the saturation stress σs are estimated. In references [12,13] it is 
established that σs is independent of strain rate and varies from 0.6 to 3 x 10-2 G for different 
materials, the higher values being those for materials with a lower Stacking Fault Energy (SFE). 
According to Refs. [8,12], the work hardening rate θII which is almost independent of temperature or 
strain rate, ranges from 1/15 to 1/30 of the shear modulus G. In a recent work [11], the following 
expressions are documented: 
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In absence of other expressions, the constants K1 and K2 calculated from a coarse-grained single-phase 
material basis, can be used in polycristalline materials. 
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Finally, by combining Eqs. (6), (11) and (12) we obtain the following strain dependent hardening rate 
equation:  
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Equation (21) will be used to compare the effect of geometric obstacles that are present in non-
homogeneous alloys. In other words, it will be used to observe the effect of plastic deformation 
gradients imposed by the microstructure. 

 
 

4. Finite Element Modelling 
 
To represent a real dual-phase microestructure, the virtual microestructure generator RANVORJM 
[14] has been used. The principle of the microstructure generator can be explained in short: In a cubic 
volume, a given number of nuclei is generated with random positions inside the cube. The formation 
of grains is simulated through the simultaneos “growth” of the nuclei. The growth is stopped-locally 
when a grain encounters another one. Finally, the grains are randomly distributed into the two (or 
several) phases, with prescribed proportions. In the present study, the martensite/ferrite grain size 
ratio (R =Dmartens/Dferrite) is conveniently generated to reproduce real dual-phase microestructures. The 
calculations are performed with the ABAQUS [15] FEM code. The finite element mesh is 
representative of the considered volume. The two-phases were uniformly meshed with cubic 8 node 
(C3D8) elements. The mechanical behaviour of each phase is assumed be represented by the above 
constitutive equations with appropriate values. 

 
The macroscopic stress σ and strain ε in the traction direction are deduced from the resulting force on 
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Figure 1: Element mesh and boundary conditions for FEM model. 

 
To model a gradient plasticity theory using ABAQUS, we use the URDFIL subroutine to read the 
quantities that output in the results file. In particular, we read the strains at each Gauss integration 
point at the end of an increment, and calculate the strain gradient function from the previous 
increment (not current strain gradients). For further calculations, the strain gradients are passed into 
UMAT routine through a common block. 



5. Results and Discussions 
 
A Finite Element (FE) calculation was carried out for a 24 % martensite dual-phase steel using the 
ABAQUS implementation of the model, with parameters documented in Part I and section 3 of the 
present study. The results of this simulated test were then compared with actual experimental data. 
This comparision, shown in Figure 2 demonstrates good agreement between experiment and model 
prediction (which, however, became less satisfactory at large elongations). The reason could be 
attributed to the number of other effects not included in the simulation, e.g , strain rate or temperature) 

 
Figure 2: Uniaxial stress vs strain for a 24% martensite dual-phase steel. Simulation 

parameters: σo
f =248 Mpa, σo

m = 1342 Mpa, %CT = 0.08,  %CF = 0., %CM = 0.3416, G = 
83.077 Gpa, ν = 0.3, b = 0.25E-3 um, α = 0.2, M = 2.83, iM (according to a  square distribution), 

ρo= 1 cm-2, 12 grains (1000 elements C3D8), plane faces. 
 
A hardening rate- stress diagram (Figure 3) for ferrite and martensite phases are clearly reproduced by 
the total dislocation evolution model. It is observed the strong grain size dependence calculated by 
introducing the strain gradient contribution into the mechanical behaviour ferrite and martensite 
constitutive equations. It is important to note that these curves represent the θ-σ individual behaviour 
of single phases into the dual-phase composite structure. The results are obtained in element number 4 
of  grain FERRI03 (the name of one of the 12 grains used in the model) for the ferrite and in element 
3 of grain MARTE01 for the martensite. 

 
Figure 3: The  ferrite and martensite θ-σ  diagram. Values calculated in element 3 of grain 
MARTE01 for the martensite, and element 4 of grain FERRI03 for the ferrite. The effect of 

grain size on the strain hardening rate θ calculated at a maximum true strain of 0.3. 
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To quantify the size effect which cannot be predicted with conventional plasticity theories, Figure 4 
shows a set of experiments displaying strong size dependence of plastic deformation in the micron 
range. The plot brings out the increased effective strength of the smaller 10 um specimen initial 
length. 
 

 
Figure 4: The flow stress-grain size dependence in a 24% martensite dual phase steel. 

Simulation parameters documented in Figure 1. 
 
The results plotted in Figure 5 suggest that more dislocations are stored in specimens with finer grains 
and that the total dislocation ρT is not a simple function of strain. The difference between ferrite and 
martensite total dislocation behaviour can be atributted to differences in yield stress and Taylor 
orientation factor which varies from grain to grain. It is important to note that either the ferrite or 
martensite initial dislocation density ρo are not included in the simulations, however, that contribution  
can easily be implemented. 

 
 

Figure 5: Ferrite and martensite total dislocation density as a function of true strain. 
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Figures 6 and 7 show the effect of geometric obstacles that are present in polycristalline materials 
(non-homogeneous alloys). The effect of plastic deformation gradients imposed by the microstructure 
is clearly observed. It is interesting to note that at large elongations, the curves tend to fall on top of 
one another. 

 

 
Figure 6:  The effect of strain gradient on the θ-ε curve. Values calculated for the ferrite single 

phase in element  4 of grain FERRI03. 
 

 
Figure 7:  The effect of strain gradient on the θ-ε curve. Values calculated for the martensite 

single phase in element  3 of grain MARTE01. 
 
Knowing the mechanical response of the coarse-grained material through equation (14), one can 
estimate the behavior of a grain-refined one. This becomes clearer if the stress dependence of the 
strain hardening is plotted in a particular type of θσ-σ diagram [8]. Figures 8 and 9 show the grain 
size effect on strain hardening as seen in the θσ-σ diagram for polycrystalline martensite and ferrite 
respectively. The coarse grained (matrix) is represented by an inverted parabola intersecting the 
abscissa at σ = 0 and σ  = σs. A parallel shift of the parabola along the ordinate axis by an amount 
inversely proportional to grain size is observed. The inverted parabola behavior deviation observed in 
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the martensite case (fig. 8), it is atributted not only to the non-homogeneous plastic deformation 
imposed by the microstructure (volume fraction morphology) but also to the ferrite/martensite 
interaction (different Taylor orientation factor) and boundary conditions constrains (position of 
elements 3 and 4 into the FEM grid). One component deforms less than the other, or not at all, so that 
gradients of deformation form with a wavelength equal to the spacing between the phases or grains.  
 

 
Figure 8: The martensite θσ-σ diagram in a 24 % martensite dual phase steel. 

 
 
 

 
Figure 9: The ferrite θσ-σ diagram in a 24 % martensite dual phase steel. 

 
Figure 10 shows the effects of work hardening rate on the maximum uniform elongation during 
tensile straining. Differences in ferrite and martensite work hardening behaviour are clearly observed.   
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Figure 10: True stress σ  and work hardening rate θ - true strain (ε) diagram. Values calculated 

in element 3 of grain MARTE01 for the martensite, and element 4 of grain FERRI03 for the 
ferrite. 

 
 
6. Conclusions 
 
The effect of grain size on flow stress was investigated for polycristalline dual phase using the 
gradient- total dislocation density evolution model. 
 
Mechanical behaviour of ferrite and martensite single phases calculated into the dual-phase composite 
structure is presented. 
 
The increase in effective strength of the smaller specimens in tension is due to strain   gradients 
deformation. Components deform less than the other, or not at all, with a wavelength equal to the 
spacing between the phases or grains, as a matter of fact, an important number of geometrically 
necessary dislocations are produced. 
 
It is shown that at large elongations, the individual polycrystalline single phase work hardening 
approximates the work hardening coarse grained (monocrystal) behaviour (eq. 21), i.e., the curves 
tend to fall on top of one another. 
 
The effect of plastic deformation gradients imposed by the microstructure is clearly observed.  
 
Results demonstrate that more dislocations are stored in specimens with finer grains and that the total 
dislocation density is not a single function of strain. 
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