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Abstract

We prove that in the case of node-independent service rates p, steady-
state distributions in discrete-time for a certain class of Jackson networks,
can be written as a product of the continuous-time steady state distri-
bution and a factor that approaches one in the limit as service rates
go to zero. We conjecture that as p — 1, steady-state distributions
in discrete-time are uniformly distributed. We use these results to ap-
proximate steady-state distributions for multi-server queueing networks
in discrete-time.

1 Introduction

Queueing Networks has become an area of intensive research. Applications of
this kind of networks can be found in areas as operation research, computer
technology, communications, transportation, electronics, signals processing etc.
The theory was developed as an extension of the single station, single server,
Poisson stream system. In this system, customers arrive at random at the ser-
vice station at a mean rate a per unit of time, a Poisson stream, and are served
according to a service time that has a negative exponential distribution. The
single station case was extended to a system with n nodes, r servers per node,
and arrivals and service protocols that respond according to some probabil-
ity distribution. Jackson [9] was the first to propose a comprehensive theory
of queueing networks with his so called product form networks. Jackson de-
veloped a general formula for the steady-state distribution for continuos-time
networks with Poisson arrivals , exponential service time , and independent rout-
ing. Others have developed similar results for different arriving protocols and
general arrival and service time probability distributions. Gordon and Newell
[8] also produced general results for continuous-time closed and closed cyclic
networks. Continuous-time results were used almost exclusively in modeling
were queueing theory was applicable. Modeling with Jackson’s Product form
networks is particularly important because these networks are analogous to a
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system with servers acting independently thus, simplifying the analysis of the
system performance.

However, for digital processing devices and computer systems, a discrete-
time scale is more appropriate for their modeling. The first explicit results on
steady-state behavior of discrete-time closed cyclic networks were published by
Pestien and Ramakrishnan in 1994 [[11]. They used what is now called a di-
rect approach instead of the traditional time-reversibility approach. Up to date,
only two books have been published that formulate comprehensive theoretical
results in the single server case: Queueing Analysis by Takagi (1996) and Queue-
ing Networks with Discrete-time scale by Daduna (2002). Ramakrishnan and
Pestien have,among other publications, a series of results for the ample server
case. There are not many general results published for the intermediate case in
discrete-time , 2 < r < k.

This article develops some exact results and approximations for single, in-
termediate and ample service closed-cyclic discrete-time networks. The devel-
opment is guided by Pestien and Ramakrishnan direct approach method. Of
particular interest is the approximation of steady-state distributions for the two
server case.

This article is dedicated entirely to discrete-time queueing networks. Some
new ideas in finding stationary distributions are formulated. The main one
shows that the discrete-time stationary distribution can be written in terms of
continuous-time distributions times a predictable factor which is proportional to
the number of states that were visited in the transition from one state to another.
A general result is proven which indicates that in the limit as service probabilities
become small, the stationary distribution of the discrete-time network is the
same as the analog network in continuous-time. This is an important general
result because it provides boundary conditions for the steady state distribution
as a function of service probabilities. This result is used here to approximate
steady-state distributions in the two server case.

2 Basic Description of Queueing Systems

A queueing system can be described as jobs or customers arriving to a service
station to wait for service if this service is not provided immediately After being
served, the job leaves the systems. Some example of queuing systems include a
customer waiting on line at the bank teller, or a computer program waiting to
be run.

Queuing theory provides models to predict the behavior of system perfor-
mance were the arriving process is random. To develop a model, the character-
istics of the system are defined. They include : the arrival mechanism of jobs,
the service mechanism of servers, the queue discipline, system capacity, number
of server or channels, and the number of service stations or nodes. The arrival
process is stochastic, therefore it is necessary to describe it with a probability
distribution to predict the time between successively arrivals. There are other
characteristic of the arrival process that may have to be described statically



that indicate if their is single or bulk arrival and/or if customer are inpatient
or wait fro service indefinitely. The time between services is also described with
a probability distribution. The description of the service process may need to
include the rate at which server work which in turn may depend on the number
of jobs present and/or if the server serve a single job or a series of parallel jobs.

The queue disciple is generally first come first serve (FCFS) or last come last
serve (LCLS).

3 Continuous-time factor: Single Server Case

The invariant distribution for a discrete-time closed-cyclic queueing network
with n-nodes , k-jobs and r; = 1 server per node is given in [?] by

ORI I | H(q) m

j20CC(s) =0 pj
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o= | I «f [11(2)
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is the normalizing constant and where OCC(s) is the set of indexes j = 0, -+ ,n—

1 for which node j is not empty. We will show that this distribution can be
written in product form where one of the factors is the continuous-time invariant
distribution for the equivalent network. This will allow as to develop asymptotic
behavior results for discrete time queues. The continuous-time distributions for
this network is well known [7] and it is given in the following proposition.

Proposition 1 Consider a continuous-time single-server close cyclic network.
Let

n—1

V(80,815 -y Sn—1) = H )\ffs" (2)
i=0
n—1
where k = Z Si, and A; is the service rate at node ¢ for 0 < ¢ <n — 1. Then,
i=0
v is an equilibrium vector for the queue lengths

Theorem 2 Consider the following distribution defined on the state space of a
discrete-time closed-cyclic network with n-nodes , k-jobs and r; = 1 server per

node,
n—1 n—1
v (s) = [Hp] [H q:i‘”““”] . (3)
i=0 i=0

Oz(Si):{ 1if s;>0

where

0 Otherwise



then v is an invariant vector

Proof. It suffices to show that v/m where m is given in (1) is a constant.

have
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Notice that the first factor in (3) is an invariant vector for the corresponding
continuous-time network with transition rate p; at node ¢. Thus, the invariant
distribution for the discrete-time network may be viewed as the perturbation of

the invariant distribution of continuous-time distribution.

We will us this form of the invariant vector to investigate the dynamics in

moving from one state to another in a one-step transition.

Example 3 Consider the state s = (3242) with k =11 and the function (s)

as described in 8. Now consider all possible transitions to s.



Moves | v 'y(v) v(v) ~p(v7s) factoring ~y(s)
0 (3242) | pipTpip3asa1 a3 gs p0p1p2p3q0q1QQQS 7 (5) q0q19293
1 (4142) pop10p§p3QS’q§qs poplopSPEqS’ql 4 qs 7 (s) P1g0q293
(3332) | piriririacaiss 45 PSP 0395 | 7 () P2qoqigs
(3251) poplpzpéoqé an q2 pepirp’ i aiasas | v (s) psqoqige
(2243) Pop1P2p3QOQ1 qz a3 p?)pi’pzzp%q%fﬁ%‘q% 7 (5) Poq19243
2 (4232) | plpirSpiaiaiaias pop1 OpSpiaiaiasas | v (s) pip2gogs
(4151) pop%opgpéongz pop1 pzpéoqé’qlqz% 7 (5) PLP390g2
(3143) | pipi szng‘]ng Pop1 pngqoqlngg 7 (8) PoP1G243
(3341) poplpz?péoqo [ q2 poplpgpéoq() gt q2 4 |7 (s) p2p3qoq
(2333) | popiriPSaoaiaaas | popiriP3aa i as | v (s) pop2aigs
(2252) | popippiaoqidsas | popipaps q8aidaqs | 7 (s) popsqige
3 (4241) [ pipipipladaras | pipilesp’adaidsas | v (s) pipapsqo
(3233) p?)p?pgp%ngl q% % pgp%opgpgqﬁm QS’Q§ 7 (s) pop1p2gs
(2342) | popTrirdandidias | popipsps’ qoqlng:s 7 (8) Pop2p3q1
(3152) pop%opgpgqé qé*qs popiopgpéongl 00 | 7 (s) pop1P3q2
4 (3242) | pipTpipiacarasas | popi’psps asa1a3gs | 7 (s) popipaps

by factoring y(s) we have that for s; > 0,

Y(v) - p(v, 5)

= 7(s)- 11 pi| - II 9

jmode j received a job jmnode j did not received a job

O

The following lemma , which proves the result in the example above, per-

haps provides a better insight into why ~ is invariant. As before, let s be the

state that results in a one-step transition from state v with movement vector
(mg,my,...,mp_1) i.e. for each i , m; jobs move to node i.

Lemma 4 Assume a discrete closed cyclic single-server queueing network. Let
S be a state obtained from ¥ in a one step transition. For s € S,

Hpj H O‘(SJ) my

v (v) P(v

where v and o are defined by (3).



Proof. v (v) - P(v, s) equals,

Hpk vj qu a(vs) | | ﬁpmj@l H ql mjig1
J
=0

Jiv; >0

n—1
H pll;f(sj*mj+mj€91) H (sj—mj+mjg1)—a(v;) H pmJ€B1 H qa(vj) mjo1
7=0

j=0 7=0

_ ﬁpi_g’ Hqu—a si)| . ﬁp;ﬁj H a(sJ
j=0 j=0

n—1

= ~ (S) H p;"j H qa(ej) m;

=0
]

Now, let v — s indicate that state s resulted for state v in a one-step

transition. Let
n—1

n—1
Iz (T ™ (1)
j=0 j=0

Lemma 5 Assume a discrete closed cyclic single-server queueing network. Let
R(v, s) be defined as (4), then
Z R(v,s) =1

VIVv—S

Proof. Consider the expression a(s;) as defined in (8) and the movement vector

(mg, my, ..., mp_1) then m; < a(s;) for all i. So
n—1
S o= % T T = Tocwr =)
Viv—8 m=(mog,m1,...,Mp—1) 1=0 i=0
| ]

Using Lemma 4, we can provide a very elementary prove showing that ~ is
invariant.

Theorem 6 For a single server closed cyclic network, let v be a vector on S
defined by

V(SOasl,--,Sn 1 Hpk Si H qslfa sS4

where a(s;) is defined in (2), then v is an equzlzbrzum vector for P



Proof. Zv(v)p(v,s) equals
veS

Y (s) - R(v,s) =(s) > R(v,s) =(s)

veS Viv—$

4 Continuous-time factor: Ample Service Case

For the case where there is ample waiting room , r; > k for each i, the discrete-
time invariant distribution is actually the same as the continuous-time for an
equivalent network. I think this remarkable result was not suggested in the
literature because ample service distributions in discrete-time were developed
by Ramakrishnan and Pestien fairly recently.

The discete-time invariant distribution is given in [11] by

k' n—1
= . 07 5
") = e L1 @
where
o 1/pi
T op—1
> 1/p;
=0

Theorem 7 Consider a closed cyclic network with ample service, then the con-
tinuous time invariant distribution is given by the discrete-time invariant dis-
tribution (5) with \,s replacing phs

Proof. If m is invariant for Q, then , for the state (So,S1, - ,Sn—1) with
n—1
Yoo Si =k, we must have,

m(so+ 1,81 —1,89,--)(so+ 1) Ao+ -+ (6)
7 (80,81, 58+ Lsigr — 1, ) (s 1) A+ -+
(80,815 ySn—1) (—AoSo — A181 — -+ — Ap_18n—1)

= 0

must be equal to zero. It suffices to show that the discrete-time invariant dis-
tribution given in (5) with with ;s replacing p;s satisfies the expression above



since the invariant distribution is unique. Using (6) notice that

71'(50,51,"' ,Si+1,8i@171,"')(Si+1))\1‘

= ! B30 g HIgIeTl T (5 1 1) A,
ol (51 2 ) (s — 1)1 -0 i1 i (st 1) A
0;
= (80,51, " »Sn—1) Si@1 i - 7
o1

Therefore, the left side of (6) becomes

(80,81, ", Sn—1 [Z)\ Sig1 - Z)\sl

9@1

Since (see 5)
0i 1N e

Ois1 1/ die1 A
Hence, the left-side of (6) further reduces to

n—1 n—1
(80,51, " »Sn—1) E Aig1Sia1 — E AiSi
i—0 i=0

which is equal zero. M

I think this result is important because it says that, with ample waiting room,
discrete-time networks can be view as continuous-time networks Therefore, all
the performance measures in discrete-time can be analyzed using continuous-
time results. In fact , it is now clear why the arrival theorem in discrete-time
and continuous-time in the ample service case give us the same results. It is also
important to notice that cellular communication is based on the transmission of
cells of information of equal length, therefore their analysis is better understood
using a discrete-time scale This result may provide some insight in the case
where there is ample service in this space.

5 Continuity Results in the intermediate case

The intermediate case denotes the case where 2 < r < k. In this case we think
that the continuous-time distribution for the equivalent network is not a mul-
tiplication factor of the discrete distribution. The following example compares
the two distributions for the case where n = 2,r; = 2

For a closed cyclic network with n = 2, r; = 2, an invariant vector for the Q
matrix Q in continuous-time is given by

{p},2pp0, 20103, P} (7)



In discrete-time an invariant vector for the transition matrix P is given by

{—4p} + 4p} — p} + Tpipo — 6p1po + Pipo — 4P3PE + Pipd + 2012, (8)
—8pipo + 8pipo — 2p1po + 10pTp; — 3pip] — 10pip? + 2p7p) + 2pip},
—8p1p; + 8p1p; — 2p1p, + 10pip), — 10pTp) — 3pipl + 2pips + 2p3p,
—4p] + 4p) — p + Tp1p] — 6pips + p1p) — ApTp) + 2pips + Pipd}

Now , if the service rate remains constant from node to node, (7) becomes
{p*,2p°, 2", p*}
and (8) becomes

{p_17p_27p_2ap_1}

After normalizing (7) the unique invariant distribution for @ is

1221 o)
6’666

and after normalizing (8) , the unique invariant distribution for P is

p—1 p—2 p—2 p-—1
dp—6"'4p—6"4p—6"4p—6

(10)

Comparing (9) and (10) we see that it is not possible to factor the continuous-
time distribution to get a product form for the discrete-vector. However , in
the limit as the rate goes to zero, the two distributions are the same. We will
explore this observation farther in the next section.

6 Intermediate Case: Limit Results

The main result of this section is to show that in the limit, the discrete-time
invariant distribution approaches the continuos-time counterpart even in the
intermediate case (2 <r; < k). We will establish one important result that
shows that there is a limiting relationship between the P — matrix for the
discrete network and @ —matrix for the continuous network. This in turn helps
to prove the result mentioned above.

Theorem 8 Let QQ be the transition-rate matriz of a continuous-time cyclic
network with k jobs , n nodes , r; independent servers per node at each node ,
each with service rate \. Let P be the transition matriz of a discrete-time cyclic
network with k jobs , n nodes , r; independent servers per node at each node ,
each with service probability p. Then,

1 1
lim [P~ 1] = 5Q (11)



Proof. Let o(p) denote a function of p satisfying lim,_.¢ o) _

p
Let
) osioif si <y
OQ(SZ) - { T Zf S; > Ty
First note that for ¢ = 1 — p, we have
n—1 n—1
" -1=(q-1)> ¢d=-p) ¢
i=0 i=0
Hence )
lim - (¢" —1) = —-n (12)

p—0 D

Now consider any state s = (sg, S1..., Sn—1) - The system remains in this state
after a one-step transition with a probability ¢@(s0)+Falsn—1) 4 o(p). Hence
the s, 5" entry of the matrix (P — I) is given by

(P-1),, = g=imo @(30) 4 o(p) — 1
Therefore,

1
lim —

P-1
Jim = (P = 1),

1
p—0Dp

= - Z a(s;), using (12) and the definition of o(p)
Hence,
= ~Qs,s by the definition of @ (13)

Now note that for any state s’ # s that results in a one-step transition from s
only if more than one movement occurs, we have

Qs,s’ =0
Also,
lim & (P— 1), = lim =P, , = lim ~o(p) = 0
im — — = lim — P, = lim —o(p) =
p—0p 5,8 p—0p p—0p p
Hence 1 1
Zl)li)l%)]; (P — I)S,S' - XQs,s/ (14)

10



Finally consider a state s” # s which can result from s in a one-step transition

with only one movement occurring at node ¢ (where ¢ € {0,1,--- ,n — 1}. Then
we have,
Qs,s“ = Oz(S,')/\
Also,
lim 1(P —1I), = lim lPs o
p—0p S p=0p

— lim L [a(s:) p + o(p)] = als)

p—0 D
Hence,
lim ~(P — 1), = ~Q (15)
pl_l’)l’%)p S,S” = A S,S”

Therefore by (13), (14) and (15) the proof is completed. =

Theorem 9 Let w be steady-state distribution in continuos-time for a closed
cyclic network with n nodes, k jobs, and r independent servers at each node
with service rate A. Let wgq be the steady-state distribution for the discrete-time
network with n nodes, k jobs, and r independent servers per node with service
probability p. Then,

lim7mg=m (16)

p—0
Proof. As before, let Q be the transition rate matrix for the continuous-time
network, and let P be a transition matrix for the discrete-time network , repet-
itively. Also, we let m4(p) indicate the discrete-time distribution evaluated at p.
We will show that, given any sequence p, — 0, every convergent subsequence
of {m4(p)} converges to m. This shows that lim, .74 exist and equals m. We
have,

Wd(p)-P:TFd (].7)
Ta(p) (P —1)=0
equivalently,
malp) (P=1)=0 (19)

So, let p,, be a sequence satisfying p, — 0. If {p,,} is a subsequence such that
{ma(pn,)} has a limit, say 7 then, & must be a probability vector, since, for each
p, mq(p) is also. By theorem 8 we must have

fr%Q =0
i.e.
TQ =0 (19)

Since 7 is the unique probability vector that satisfies 7QQ = 0, we must have,
7 = 7. This completes the proof. m

11



7 Asymptotic Behavior as P — 1

We have shown above that for all discrete-time cyclic queueing networks, the
steady-state distribution approaches the continuos-time invariant distribution
as p — 0. We would like to know the limiting behavior of the discrete dis-
tributions as p — 1. Using these two results and the fact that these functions
are monotonic, we can develop algorithms for their approximations. This is
significant because there are not general formulas for discrete-time invariant
distributions in the intermediate case , 2 < r < k. Even in the case of two
servers per node, and constant service rates, the distribution are very complex.

Conjecture 10 As p — 1, in a one step transition, multiple services will be
completed with certainty; therefore, if there are sufficiently many jobs , the
servers will be occupied at all times since jobs will move to the servers as soon
as they are idle. If the number of jobs k is greater than the number of nodes n
times the number of servers per node v, (k> mn-r), in steady-state, each node
t will have r jobs at the r servers and the rest of the jobs will be uniformly
distributed.

An argument for the proof of the conjecture would be as follows: consider
a cyclic queueing network with n nodes, k jobs , and 7 independent servers per
node with constant service probability p. Let

a(si):{ si if s <r

roaf s;>rT

Let s = (80,81, .., Sn—1) be a state that results from state s’ with a movement
vector mg = (mg, my, ..., my_1). then,

n—1 n—1
P(s'ys) = [ p™ - [] ¢*C)—m,
i=0 i=0
hence, for 0 <i<n—1,andg=1—p

lim P(s',s) =

p—1

0 if m; <als;) for any ¢
1 if m;=a(s;) for all ¢

Now, since 7 is invariant

We can show that for all states s, the limit as p — 1 exist using similar
arguments as in theorem 9. Therefore,

lim Y #w(s') - P(s',s) = lim7(s)
p—1gcg p—1
> limw(s’) - lim P(s’,s) = lim 7(s)
s'E€S p—1 p—1 p—1

12



The expression on the left is zero except for those s’ that move to s with move-

ment vector mg = (a(sé)), a(s)), ...,a(snfl)) . Then, for these s’, we have,

> lim 7(s’) = lim 7(s)
Py p—1 p—1

If s results form s with a movement vector a((sp), @(s1),...,(sn—1)), the ex-
pression above reduces to,

S limw(s) =0

s'#s p—1

What this means is that for sufficiently large k, (k > n - r), every state s’ that

reaches s with movement vector (oz(sz)), afsy), .., a(sn_l)) is transient and

lim 7(s’) =0

p—1
Also, s is a recurrent state. So, the proof reduces to showing that the steady-
state distribution in the limit as p — 1 is uniform among recurrent states.

In the case where r = 2, uniformity of the steady-state as p — 1 could be
argued as follows: fix a state s = (sg,s1) with «(s;) > r for ¢ = 0,1. Consider
states v = (sg+ 1,81 — 1), then a(v;) > r for ¢ = 0,1. Then, the balance
equation is given by,

7"-p(SO: 31)

= 7(so, sl)p% +7(so+ 1,80 — 1)7“p27'_1q + Tp27'_177(so +1,80 — 1)+ 0(q)

Now, due to the symmetry w(sg+ 1,50 — 1) =7m(so — 1,80+ 1). So,

1

(1 —pQT)ﬂ'p(so, s1) = 2rp* qm(so + 1,50 — 1) + o(q)

hence

r(50.51) = 2rp* " r(so + 1,80 — 1) N o(q) 1
p 20, (1+p+p2++p2r—1) q (1+p+p2++p2r—1>

so, as p — 1,
Tp(S0,81) = mp(so + 1,81 — 1) = mp(v)

The above example lead us to believe that the invariant distribution in the
limit as p — 1 is uniform.

Example 11 Assume a network of two nodes and two servers per node. As-
sume that there are k = 4 jobs. The only state with a(s;) > r fori = 1,2 is
(2,2). Therefore, based on the conjecture lim,_.1 7(2,2) = 1, and lim,_.; 7 (s1, $2) =
0 otherwise.

13



The steady-state distribution of this network was calculated directly using
the theory of Markov chains (positive recurrent, irreducible). The steady-state
distribution as a function of p, is

—Tp + 10p* — 7p3 + 2p* + 2

4,0) =
m(4,0) “ATp + 60p2 — 36p° + 8p* + 16
(3.1) —12p + 16p? — 10p> + 2p* + 4
e =
’ —47p + 60p2 — 36p3 + 8p* + 16
r(2.2) = —9p + 8p% —2p> + 4
’ —47p + 60p2 — 36p3 + 8p* + 16
(1.3) —12p + 16p> — 10p> + 2p* + 4
’/T =
’ —47p + 60p2 — 36p3 + 8p* + 16
—Tp + 10p? — Tp3 + 2p* + 2
7(0.4) = p+ 10p* — 7p° + 2p* +

—47p + 60p2 — 36p3 + 8p* + 16
We observe that

lim 7(4,0) = limx(0,4)=0
p—1 p—1

lim7(3,1) = limn(1,3)=0
p—1 p—1
lim7(2,2) = 1

p—1

In general for n = 2,7 = 2, and k jobs, the only states that would not have
two jobs in every node are (k,0), (0,k) ,(k —1,1) and (k,k —1). Since there
are k + 1 states in the state space, based on the conjecture, the steady-state
distribution as p — 1 will be uniform for states with so > 2 and s; > 2. Hence,

lim 7(sg,81) = ——
p—1

k-3
for states with sg,s1 > 2.

8 Approximation of the Queue Length: M/2/2
network with constant service rate

In this section we will study in detail the two nodes, two server per node discrete-
time cyclic network. These networks do not have a product form invariant

14



distribution even when the service rate is constant
The distribution for the M/2/2 network in continuous-time with constant
service rate is given in [8] as

Cc

,/T(ka O) = W(Oa k) = 2/§7_1

and
c

if j>2
- C

.o &
m(k—3,j) = 9k—h9oh—1 — 9k—2

Since the sum of the probabilities is 1, then

C C Cc

2 gy t2 gt t1-4) =1
SO
3c+ (k—3)c=2F72
or
2k—2
‘T
Therefore ,
k—2 1
w(k,0) =7w(0,k) = SE=1 = ok
and s
2872 1 1
m(k—1k)=n(k,k—1)= R =Tl
and for j > 2
. , Lo2F2 1
mk—j.g)=n(k =)=~ 5= =1

Using (16) we conclude that for discrete-time networks with two nodes and two
servers per node,

;11% wa(k,0) = ;l;li% 74(0,k) = % (20)
and for s; # 0,59 # 0
1
li =_. 21
Lim m(s1,82) - (21)

The behavior of the steady-state distribution as p — 1 can be analyzed using
the conjecture above. For large k, since at each one-step transition multiple
services take place, the two nodes will be occupied with two jobs at each of
their two servers; the rest of the kK — 4 jobs will be uniformly distributed among
the nodes. There are k 4 1 states in the state space of this system. Therefore,

15



as the service rate goes to one, the invariant distribution for states with at most
one job at a node goes to zero. Hence,

lim 7(k,0) = lim 7(0, K) =0
p—1 p—1

and

limn(k—1,1)=limnx(1,K —1)=0

p—1 p—1
The probability distribution is uniform in the remaining k+1—4 = k — 3 states.
Therefore if s; > 2, and so > 2

L
k-3

lim 7(s1,82) =
p—1

Another important observation about this network is that the steady-state dis-
tribution is completed determined by 7(k,0) and w(k—1, 1) and a set of recursive
equations. Notice that part of the transition matrix for this Markov chain is

w(k,0) | m(k—1,1) | w(k—2,2) m(k—3,3)
7 (k,0) 7 2pq P’ 0
m(k—1,1) | pg° ¢ +2p°q | P+ 2pg° p’q
m(k—2,2) [ p°¢® 20%q +2pq° | p* + ¢* + °¢ | 2pg® + 2p°q
7(k—3,3) |0 p2q? 2p3q + 2pqg° pt+ ¢t + 4p*¢®
n(k—4,4) |0 0 P22 20%q + 2pg®
.. 0 0 0 p2q2

0 0 0 0

0 0 0 0

If we used the notation 7; to indicate a state with j jobs in node one. Then,

the balance equations are of the form

moq® + mipg” + w22p°¢ = mo
Solving for 7 (k — 2,2), we have that

mop*q” =m0 (1 — ¢°) — m1pg”

hence 7 (k — 2,2) is complete determined by my and ;1 Similarly ,

T02pq + ™1 (¢*4+2p°q) + 72 (20°q + 2p¢*) + m3p*¢® = m

solving for 7 (k — 3, 3)we have that

m3p’q® = m1 (1 — ¢° — 2p*q) — mo2pg — w2 (2p°q + 2pq?)

but m (k — 2,2) can be written in terms of 7y and 71, therefore 7 (k — 3, 3) can
also be written in term of mg and 1. In general, the balance equation has the

form

Tna2p’® = (1= p* — ¢* = 4p%¢%) — 2y (20°q + 2p¢°) — Am_2p®¢?.
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These equations can be solve recursively in terms of 7y and 7. Hence , we will
concentrate in finding methods to estimate my and w1 for any k.

We have found the steady-state distribution for different values of k. The fol-
lowing are the probability distributions of 7w for k = 4,5, and 6. The probability
distributions are given here,

—Tp + 10p? — Tp3 + 2p* + 2

4,0) = :
m(4,0) “A4Tp + 60p2 — 36p3 + 8p* 1 16
(5.0) —6p + 7p? — 4p® + p! + 2
™ = E
’ —46p + 46p2 — 22p3 + 4p* + 20
—18p + 37p? — 43p3 + 29p* — 11p°® + 2p5 + 4
7(6,0)

—178p + 322p? — 322p3 + 188p* — 60p° + 8pb + 48
The figure below shows the graph of these distributions.

Fioh 02T

alsT
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o3

1} 05 s o7 1
SancFas

Figure 1: Probabilities for k =0

These sequence of functions appear to be decreasing proportionally and con-
vergent. Using (16), The percentage decrease at p =0 is

1/20k+1) &

12k k+1 (22)

hence, we will approximate

w(k +1,0) ~ -7k, 0). (23)

k+1

This approximation is expected to get better as k — oo. These graphs also show
that lim,_.; 7(k,0) = 0 as expected based on the conjecture.
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Example 12 We found 7(9,0) by direct computation,

B —40p + 96p> — 140p3 + 133p* — 84p° + 34p° — 8p7 + p5 + 8
T 584p + 1224p2 — 1540p3 + 1274p* — 686p5 + 234pS — 46pT + 4pS + 144

On the other hand , using (22) 74(9,0) is approzimately,

ﬂ'd(g, 0)

oo

a (87 0)
8 —44p + 116p> — 185p° + 192p* — 132p° + 58p°® — 15p” + 2p® + 8
9 —588p + 1368p2 — 1909p3 + 1742p* — 1033p5 + 388p5 — 84p7 + 8p8 + 128

The following figure shows the graphs of the invariant distribution and its
approzimation (dotted line).
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Figure 2 : Probabilites approximation for k =8
This approximation is remarkably good.

It is difficult to find invariant distributions for large k& because of the number
of calculations involved in finding the inverse of the transition matrix. Most
software package can handle up to 20 by 20 matrices.

In general, using the approximation recursively , we get the following ex-
pression:

k—1
71'O(k) ~ i Wo(k—l)
k—1k—2
= 7]{ 7]6727T0(k—2)

k—1k—2k—3 k—r
k k—1k—2 k—r+1"

(k—r,0)

k—
= krﬂ'(k‘—’F,O)

18



Now we will perform the same kind of analysis for 7. The following are the
distributions of 7y for k = 4,5, and 6,

—10p 4 11p? — 6p° 4+ p* + 4

4,1) =
m(4,1) “46p + 46p% — 22p% + Ap* + 20
(5.1) —16p + 31p? — 34p® + 22p* — 8p® + pb + 4
™
’ —89p + 161p2 — 161p3 + 94p* — 30p° + 4pS + 24
—28p + 48p? — 47p? + 27p* — 9p° + pb + 8
w(6,1) =

—176p + 276p% — 240p3 + 122p* — 34p5 + 4p6 + 56
The figure shows the graphs of the distributions as functions p

Prb 015 T
02
015 T

T

a e ¥ = 1
Figure 3 : Probabilities for £ =1

These sequence of functions appear to be decreasing proportionally and con-
vergent. Using (23), the percentage decrease is

/(k+1)  k
1/ k+1
hence we will approximate
(k,1) ~ R (k—1,1)
m(k, 1) ~ o 1 T ,1).

This approximation is expected to get better as £ — co. The graphs also show
that lim,_; 7(k — 1,1) = 0 as expected based on the conjecture.

In general , m (k) will be approximated recursively with the highest known
distribution using the following approximation
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k-1

m(k) ~ ——m(k-1)
= %%m(k—@
Sl R S (R
= k;jw(k—j,l)

Example 13 Using this method we approzimated the distribution for k = 14

suing k = 12. we have
7(14,0)

7(13,1)

1312
1312
m(1,18) & 1 15 ~ 0:06192

Therefore , using balance equations in terms of o and w1 we have,

7(12,2)

m(11,3)

7 (10,4)

m(9,5)

7 (8,6)

7w (7,7)

7(2,12) ~ 0.07508

7 (3,11) ~ 0.07596

7 (4,10) ~ 0.07578

7 (5,9) ~ 0.075870

7 (6,8) ~ 0.07586

7 (7,7) ~ 0.07580

Exercise 14 notice that > m; = 2-0.46643 + 7.5870 x 1072 = 1.008 ~ 1.0

Another way that can be use to check if the approximations are acceptable is
by using them in calculating the expected number of customer at a given node

which is a know quantity.

Lemma 15 For a closed cyclic network with n nodes , r = 2 servers per node ,
k jobs and constant service rate p, the expected number of jobs at the first node

k

185
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Proof. Do to the symmetry «(j, k — j) = w(k — 4,7) and
jﬂ(j,k - .7) + (k 7])7(—(]{: 7.7‘,‘7‘) = kﬂ(]a] - k)
S0

E[Jobs at the first node] (24)

k
= > ik =)

=0

If £ is odd the above expression is equal

If k is even, (4.15) equals

In the example 37 , using the approximation results,

E[jobs at node one]
= 14 %(0.026 4 0.062 + 0.075 + 0.076 + 0.076 + 0.076 4 0.076) 4 7 % 0.076

k
= 7.07T= 5
Conclusion 16 Finding equilibrium vectors for discrete-time queueing networks
18 more difficult because events can happen simultaneously in an interval of
time. However, in some cases, discrete distributions can be written in term of
continuous-time distributions. Continous-time invariant vectors are well known
in the literature. They are use to study the network performance measures.
Therefore, it may be possible to investigate performance indicators of discrete-
time networks using the fact that in some cases discrete-time distributions are
perturbations of the continuous-time distributions for the equivalent network.
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